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Abstract
The multiple knapsack problem (MKP) is a clas- maX|m|zeZ ijxij @
sical combinatorial optimization problem. A re- i=1 j=1
cent algorithm for some classes of the MKP is bin- n
completion, a bin-oriented, branch-and-bound al- subject to:z w;zi; < ¢, i=1,...m (2
gorithm. We investigate mechanisms for detect- j=1
ing and breaking symmetry in the bin-completion m
sear_ch space. We propose path-symm(_etry and _path- Z zi; <1, ji=1,...,n (3)
dominance, two new symmetry relations which i—1
are more powerf.ul genera_lization of preyious MKP zi; € {0,1} Vi, 5. ()
symmetry breaking techniques. Experiments show o i )
that path-symmetry and path-dominance signifi- Th_e MKP has numerous applications, |_nclud|ng task al-
cantly reduce the number of nodes searched by Iocapon among autonomous agents continuous double-call
bin-completion. In particular, a variant of path- auctlons[lfalagnanarret aI.,_ 2001, ml_JItlproce_ssor_ schedul-
symmetry is shown to significantly improve upon ing [_Lab_beet al, 2003, vehicle/container Io_adlnbEllon and
the previous state of the art for the MKP with re- Christofides, 19711 and the assignment of files to storage de-
spect to both runtime and nodes searched. vices in order to maximize the number of files stored in the

fastest storage devicg¢kabbéet al, 2003. A special case

of the MKP where the profits of the items are equal to their

weights, i.e.,p; = w; for all j is the Multiple Subset-Sum
1 Introduction Problem(MSSP).

The MKP (including the special case of the MSSP) is

Considenn containers (bins) with capacities, ..., e, anda  Strongly NP-completé. Thus, state-of-the-art algorithms for
set ofn items, where each item has a weight, ..., w,, and f|nd|r_19 optimal solutions are based on branch-and-boun_d.
profit p1, ..., pn. Packing the items in the containers to maxi- Previous work has shown that for problems where the ratio
mize the total profit of the items, such that the sum of the itenf items to bins is relatively small (i.ea,/m < 4), the state-
weights in each container does not exceed the container’s c&f-the-artalgorithmis bin-completion, a bin-orientedbch-
pacity, and each item is assigned to at most one containénd-bound algorithriFukunaga and Korf, 2007
is the 0-1 Multiple Knapsack Problefror MKP. For exam- The search space explored by bin-completion has many
ple, suppose there are two bins with capacity 10 and 7, angymmetric states. Previous work introduced some tec_hmqye
4 items (9,3),(7,3),(6,7),(1,5), where the first elemergath for epr0|_t|ng the symmetry a_nd demonstrated their util-
pair is the weight of the item and the second element is thdy. In this paper, we further investigate methods for ex-
profit of that item. The optimal solution to this MKP instance Ploiting symmetries in the MKP bin-completion algorithm.
is to assign (9,3) and (1,5) to the bin with capacity 10, aied th WWe propose new techniques that result in significant im-
item (6,7) to the bin with capacity 7 (total profit = 15). The Provements over the previous state of the art. These tech-
MKP is a natural generalization of the 0-1 Knapsack Problenfliques are instances of the general symmetry breaking via
where there are: containers of capacities, ¢z, ...cp,. dominance detection (SBDD) approadfahleet al, 2001;

Let the binary decision variable, be 1 if item; is placed FO'(IEP?SCI :ngr'\i/ls"?)rr]oéﬁiggé as follows. We start by reviewin
in container;, and 0 otherwise. Then the 0-1 MKP can be pap 9 : y 9

formulated as the integer program below, where constraint qu bin completion algorithm (Section 2. Section 3 defines th
encodes the capacity constraint for each container, and con 1y contrast, the single-container 0-1 Knapsack problem is

straint 3 ensures that each item is assigned to at most ongeakly NP-complete, and can be solved in pseudopolynorinie t
container. using dynamic programming.



basic framework we use for symmetry detection and break- U
ing, and reviews previous algorithms for exploiting symme-

try in the MKP. We then introduce new, generalized symme-

try detection techniques (Sections 4-5) which are more pow-

erful than the previous techniques, and we discuss methods

for combining various symmetry mechanisms (Section 6). In (83,12,5) {83:1%5)
Section 7, we experimentally evaluate various combination

of symmetry mechanisms. We compare our work with re-

lated work on symmetry detection and breaking and in the (42,41) (4240) {(42:11)
constraint programming literature in Section 8, and conelu |

with a discussion of results and directions for future work. (40,11)

. . . Figure 1: Part of the bin-completion search space for a MKP in-
2 Bin-Completion Algorithm for the MKP stance with capacity 100 and iten}83,42,41,40,12,11}5 Each

Bin-completion is a branch-and-bound algorithm for finding "°de represents a maximal, feasible bin assignment forem iin.
optimal solutions to multi-container assignment probléms BN assignments shown with strikethrough, e.g., (83,11,5), are
cluding the MKP and bin packing problerfsukunaga and pruned_t_)ecause they are dominated according to the critémio
Korf, 2007). We briefly describe this algorithm. For simplic- Proposition 1.

ity, we describe the algorithm in terms of the Multiple Subse

Sum Problem (MSSP), where each item’s profit equals itissignments which are dominated according to the follow-
weight. Thus, whenever possible in the description belowing MKP dominance criteriofiFukunaga and Korf, 2007
we simply refer to an item by its weight. Generalization of which is based on the Martello-Toth dominance criterion for
the algorithm to MKP instances where the profits are not thevin packinglMartello and Toth, 1990

same as the weights is straightforward. Proposition 1 (MKP Dominance Criterion) Let A and B

A bin assignmenB; = (item., ..., itemy,) is a set of all b - . .
. . vl /. ) e two assignments that are feasible with respect to capac-
of the items that are assigned to a given il < j < m. : g P P

Th lid solution to a MKP inst ists of i %ty c. A dominatesB if B can be partitioned inta subsets
b us, a vall S? u |c;]n oa Hi Instance consists Otl ase CI;BI’ .., B; such that each subsé is mapped one-to-one to
In assignments, where each Item appears in exactly one tBut not necessarily onta),, an element ofd, and for all
a_SS|gnbmen.tf. F\A bin assflgnmenttf]esazlblewnh respe(zjt tﬁ a p<i (1) the weight ofy;, is greater than or equal the sum

given binj if the sum of its weights does not exceed the ca- (7. . : : :
pacity of the bing;. Otherwise, the bin assignmentiigea- of the item weights of the items f, and (2) the profit of

sible We say that a bin assignmesiis maximahith respect itemay, is greater than or equal to the sum of the profits of
A ; . O the items inBy.
to binj if Sis feasible, and adding any other remaining items

would make it infeasible. For example, given a bin with capacity 10 and items
The bin-completion algorithm searches a tree where each.8,7,3,2, the undominated, feasible bin assignments are

node at depthl, 1 < d < m, represents a maximal, feasible (9).(8,2), and (7,3).

bin assignment. The bin-completion algorithm for the MKP o

is shown in Figure 2, where each callsear ch_.MKP cor- 3 Exploiting Symmetry

responds to a node in the branch-and-bound search treg (€.§¢ describe our symmetry breaking mechanisms, which are
Figure 1). . _ instances of the general SBDD appro&Ehhleet al, 2001;

_ Nodes are pruned according to an upper bound whiclEgcacci and Milano, 2041we first introduce some notation

is based on a relaxation of the problem by Martello andand define the notion of aogood which is central to all of
Toth [1990 (Line 16). Pisinger's R2 reduction procedure gur symmetry exploitation methods.

[Pisinger, 199Dis applied at each node (Line 11) in orderto | et B¢ denote a bin assignment which assigns the elements
try to reduce the problem by eliminating some items for con-gf set B to a bin at depthl. Thus,(10,8,2)" and(10,7,3)"

sideration. Thehoose_bi n function (Line 18) selects the genote two possible bin assignments for a bin at depth 1.
bin with least remaining capacity, and the undominated bly?

assignments are sorted (Line 20) in order of non-decreasing€finition 1 (Nogood) Let X be some noded_|r11 the bin-

cardinality, and ties are broken in order of non-increasing-°mpletion 3earch tree at depth Let £, ..., B be an-

profit. Thesyrmmet ri ¢ function (Line 21) applies one of cestors ofX® atdepthsl, ...,d — 1, r_espectlviely. For each

the symmetry detection strategies described in this paper. suic_h ancestok;, we say that every sibling d* to the left of
Figure 1 shows part of an example bin-completion searcif’. I" the depth-first bin-completion search tree inagood

tree. In addition to the pruning mechanisms mentioned abové{\’Ith respect tox .

adominance criterions applied (Fig 2, Line 19) to limit the For example, in Figure 38, 2)! is a nogood with respect

nodes considered. Given two feasible bin assignméhts to the descendants ¢f,3)! and (9)%; (7,3)! is a nogood

and F,, F; dominatesr, if the value of the optimal solution  with respect to the descendants 6f*

which can be obtained by assignig to a bin is no worse Since bin-completion is a depth-first branch-and-bound al-

than the value of the optimal solution that can be obtained bgorithm, a nogood denotes a bin assignment (node) whose

assigningF; to the same bin. Bin-completion prunes feasibledescendants have been exhaustively searched in the current



MKP _bin_completion( bi ns, i t ens)
bestProfit = —oo
searchMKP(bins,items,0)

WN P

4 searchMKP (bi ns, itens, sunProfit)

5 if bins==0 or items ==

6 /*we have a candi date sol utionx/
7 if sunProfit > bestProfit

8 bestProfit = sunProfit

9

return
10 /+ Attenpt to reduce problemby elimnating sone itens from consideration*/
11 ri = reduce bins,itens)
12 0f ri #0
13 searchMKP(bins, itens \ ri, sunProfit)
14 return

15 /+ Attenpt to prune based on Martell o-Toth SMKP upper bound =/
16 if (sunProfit + computeupper_bound(itens, bins)) < bestProfit
17 return

18 bin = choosebin( bi ns)

19 undomi nat edAssi gnnents = generateundominated(i t ens, capaci ty(bi n))
20 foreach A € sort_.assignment§undoni nat edAssi gnment s)

21 i f not (symmetric( A))

22 assign A to bin

23 searchMKP (bins \ bin, itens \ A sunProfit+) _, profit(i))

Figure 2: Outline of bin-completion for the multiple knapkaroblem.

search tree. The union of all current nogoods is a concise U
description of the entire portion of the search tree which ha

been searched so far. This is similar to the use of the term

“nogood” in[Focacci and Shaw, 2002The number of pos-

sible nogoods at a particular search depth the worst case (8,2)! (7,3)1 (9)!

is the number of undominated bin assignments considered at | PN PN

depthsl, ...,d — 1. B2F (97 @3¢ (827

3.1 2-Swap-Symmetry Figure 3: Both of th&8, 2)? bin assignment under th{&, 3)!

The 2-swap-symmetrynethod was proposed by Korf in a @nd the(9)", as well as the assignme(i, 3)* can all be
bin-completion algorithm for the bin packing probldkorf, ~ Pruned according to 2-swap-symmetey (= 10, ¢; = 10).
2003.2 Suppose we have a MSSP instance with the items

19,8,7,3,2.} where all bins have a capacity of 10. A portion (9)! as well as theg8,2)2 under the bin(9)! can both be

of the bin-completion search tree is shown in Figure 3. Af-pruned using 2-swap-symmetry.

ter exhausting the subproblem below the assignrier)', More generally, given a bin assignmeBt for the bin at
and while exploring the subproblem below the assignmengiepthd, we can prune3? if there is a nogoodV? with re-
(7,3)", assume we find a solution that assigfs2)®>. We  spect toB? such that (1)3¢ includes all the items itV9, and
can swap the pair of items (8,2) from the assignm@n2)®>  (2) if we swap the items idV9 from B? with the items that
with the pair of items (7,3) from the assignméfit3)', re-  are currently assigned to the bin at depthoth resulting bin
sulting in a solution with(8,2)" and(7,3)* and the same assignments are feasible. The correctness follows straigh
total profit. However, we have already exhausted the subforwardly from the definition of nogoods and the assumption

tree below(8, 2)" and we would have found a solution with that the nogood represents a node which has been exhaus-
the same total profit as the best solution in the subtree beloyely searched.

(7,3)%. Therefore, we can prune the branch bel@y2)?, _

because it is redundant (in other words, we have detected thd.2 2-Swap-Dominance

the current partial solution is symmetric to a partial sttt The following 2-swap-dominance symmetrechniqué

has already been exhaustively searched). , [Fukunaga and Korf, 209 &allows even more pruning: Con-
Similarly, in Figure 3, the bin assignme(Tt 3)° under the  sider the partial search tree in Figure 4. Assume that a#l bin

22-swap-symmetry was previously called “nogood pruningit, b 82-swap-dominance symmetry was previously called “nogood
we change the terminology in order to avoid confusion. dominance pruning”.
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Figure 4: The bin assignmeft, 1,2)? can be pruned by 2- (8,3)3

swap-dominance = 11,¢c = 11).

|
6:2:2)

have capacity 11. Suppose that after exhausting the Sprrobigure 5: The bin assignmert6, 2,2)* can be pruned by
lem below the assignmert8, 2)*, and while exploring the Path-Symmetry.cy = 1lcs = 11,3 = 12, ¢4 = 10).
subproblem below the assignmént4)*, we consider the as- ’ ’

signment(6, 2, 1)2. We can swap the items (6,2,1) from bin 2

with the pair of items (7,4) from bin 1 and end up with a so-path. For example, in Figure 5, is we are at n¢6e2, 2)*,
lution with (6,2,1)" and(7,4)2. However, according to the the current path from depth 1 to 4 is the set of bins 1, 2, 3,
MKP dominance criterion, the set of items (6,2,1) is dom-and 4, and the current path items &rd, 8, 3,12, 6,2, 2.

inated by (8,2), and we have already exhausted the sear(f_i)1 - d . .
1 efinition 2 (Path-Symmetry) Let B¢ be a candidate bin
below the nodg8,2)!, so we can prune the search under ssignment. LeN? be a nogood with respect 187, and

2 A . X
é%ltlj:[i?))n L?neg:ésé)'tl Is not possible to improve upon the bes et P be the current path items from depjlto d. we say that
More general’ly diven a bin assignmehBt for depthd there_ i.s apath-symmetry/vi.th respect to nogood® if two

' ] conditions hold: (1) every item itV is a member of?, and

we can prune3? if there is a nogoodVv¢ with respect taB¢ @) it ) , )
; : . . it is possible to (a) assign the items from the currenhpat
such that (1)V9 dominatesB according to the MKP domi items corresponding to the items ¥ (Items(N¥) C P)to

nance criterion (Proposition 1), and (2) The itemg3ifican bi : L

; . N _ bing, and (b) assign the remaining itemB { Items(N9))
be §Wap_ped W'th the current items in insuch that the re to binsg + 1, ..., d such that all bingy, ..., d are feasible.
sulting bin assignments are both feasible. The correcfokss e e

lows from the Proposition 1 and the assumption that the no- If there is a path-symmetry betwedélf and some nogood
good represents a node which has been exhaustively searched as defined abovéi¢ can be pruned. As with 2-swap sym-
To check whether a candidate assignm@ris dominated  metry, this follows directly from the definition of nogoods.

by some nogood, our currentimplementation uses a brute-  Checking the first condition of Definition 2 is straightfor-

force algorithm, which in the worst case takes time exponenward. However, checking the second condition efficiently

tial in the cardinality of the bin assignment for each nogood is not as straightforward, because it is essentially thé-dec
sion version of a bin packing problehwhere we attempt to

4 Path-Symmetry pack the items inP \ Items(NY) into bins with capacities

. . . . ) Cg+1, ---, C4- We describe several approaches:

The t_echmques In the; previous sectpn only consider symme-" | yhe first approach, we try to directly solve this bin pack-

tries involving three bin assignments: anogoodatdgpthe . hroblem using a simple backtracking algorithm (BT). The

current node at depiii > ¢, and the ancestor of the current g o king problem, like the MKP, is strongly NP-complete,
node at deptly. We now generalize the symmetry techniques, {"in the worst case, BT will take time which @&(n™),

to detect and break symmetries involving more than these a%yheren is the number of items and is the number of bins

Signmeﬁés- o H Hown in Fi hJLis possible to avoid backtracking and use a standard bin
Consider the search tree shown in Figure 5. Assume t %acking heuristic such as first-fit decreasing (FFD), which

the capacities for bins 1-4 are 11,11,12, and 10, respegy,q 4 nolynomial complexity. Thus our second approach uses
tively. Assume that we have already exhaustively searcheggp (4 pack the item# \ Items(NY) into binsg + 1, ..., d.

1
the subtree undes, 2)", and we have generated the noderpe grawback of heuristics such as FFD is that it is not guar-

(7,4)", (10)%,(8,3), (6,2,2)%. By rearranging the items ieeq to find a packing of the items into the bins even if

in bins 1-4, we can obtain a new set of bin assignments’ ; ‘o ot oo
! o ' one exists. However the symmetry check is still admissible —
(8,2)%,(7,3)%,(10,2)3,(6,4)*. This is a symmetric rear- y y

) . . . path-symmetry using a FFD check to test condition (2) may
rangement, as the optimal solution under the first set of b”gometimes fail to prune a node that a BT check would have

assignments is the same as the optimal solution under trg?uned, but will never prune a node that a BT check will not
une.

Another way to approximate the full check for condition

(2) for path-symmetry is to limit the set of items that can be

swapped among the bins. Thatis, instead of packing all of the

latter set of assignments. Thus, we can prune the node
(6,2,2)%. Note that 2-swap-dominance would not allow us to
prune this node, since we can not swap (fet) from bin 1
into bin 4 without exceeding bin 4's capacity. We define this
symmetry more generally as follows.

_ Given a bin-completion search tree where we are consider- 4| the decision version of bin packing, we are giverbins and
ing a bin assignment for depth we define theeurrent path 5, jtems, and the problem is to determine whethernatems can be
from depthy to depthd as the union of bing,g + 1,...d. The  packed intom bins such that the capacity constraints on all of the
current path itemsre the union of all items in the current bins are not violated.



o s to bin g, and (b) assign the remaining itemB { s) to bins
g+ 1,...,d such that all bing, ..., d are feasible.

| If there is a path-dominance symmetry betwe@t and

(5,6)> some nogoodV? as defined above3¢ can be pruned. As
| with 2-swap dominance, this follows from the definition no-
(9.2 goods and Proposition 1.

) ) ) ) Our current implementation of path-dominance works as
Figure 6: The bin assignme(f, 2)* can be pruned by Path- fojlows. We systematically enumerate every subsef the
Dominance ¢, = 11, ¢, = 12, ¢3 = 13) current path items such thats dominated byV¢ and is max-

imal, i.e., there is no other item which can be packed into the
items P \ Items(N9) into binsg + 1,...,d, we can “lock” V¥ For each such, we test whether condition (2) of the path-

some of the items into their current bins and only considefominance symmetry definition (Definition 3 is satisfied. If
packing the unlocked items. so, then a path-dominance has been detected, so the current

We consider dimited packing problem where we (a) as- node can be pruned. The test for condition (2) is the same as
sign the items from the current path items corresponding téh€ corresponding test for path-symmetry in the previoas se
the items of N9(Items(N9) C P) to bin g, and (b) pack tion. ‘Thus, the same four implementations of the check are
the itemsP \ Ttems(NY) into binsg + 4, ..., d, but in con- ~ considered: (a) full packing with BT, (b) full packing with
trast to the full packing problem, we lock all of the items in FFD. (c) limited packing with BT, and (d) limited packing
P\ Items(NY9) except for the items in big. In Figure 5, with FFD. In the worst case, this check is executed for each
the unlocked items for this approximation would be the 7 ancfubsets that satisfies condition (1) of Definition 3, so check-

4 from bin 1. Thus, this limited packing problem involves ing for path-dominance can be quite expensive.
packing the 7 and 4 into three bins: bin #2 with remaining ca-

pacity 8 (the 8 is moved to bin #1, the original capacity is 11, - . .
and there is a 3 which is locked, so the remaining capacity is6 Combining Symmetry Breaking Strategies

11-3=8), bin #3 with capacity 0 (no free space because thergt e four symmetries defined above, 2-swap-symmetry
is a locked 12 occupying the bin), and bin #4 with remainingig the weakest symmetry, and is subsumed by 2-swap-
capacity 4. We can apply either BT or FFD to this limited 4ominance, i.e., every node which would be pruned by 2-
packing problem. It is easy to see that the original 2'Swap'swap-symmetry would also be pruned by 2-swap-dominance
symmetry check is a more restricted case of this approximatgim”a”y, 2-swap-symmetry is also subsumed by path-

approach to path-symmetry. _ symmetry. In turn, 2-swap-dominance and path-symmetry
Thus, we have four implementations path-symmetry, dex q hoth subsumed by path-dominance.

pending on the choice of methods for checking condition 2
in the path symmetry definition: (a) full packing with BT, (b)
full packing with FFD, (c) limited packing with BT, and (d)
limited packing with FFD.

However, there is a trade-off between the amount of prun-
ing enabled by a symmetry relation and the amount of over-
head incurred at each node in order to detect the symmetry.

To alleviate this trade-off, we combine the strategies by
: chainingsome subset of them in a sequence so that the cheap-
5 Path-Dominance est, least powerful symmetry is applied first. If this pruties
Path-Dominance is the generalization of both 2-swapnode, then the cost of applying the more powerful symmetries
dominance and path-symmetry. Consider the search treig not incurred. However, if the node is not pruned, then we
shown in Figure 6 for an instance where the bin CapaCiapply another, more powerfulsymmetry, and so on.
ties for bins 1-3 are 11, 12, and 13, respectively. Assume e compared 11 configurations of the MKP solver, each
that we r;ave already exhaustively searched the subt(ee Ulsing a different combination of symmetry mechanisms.
der (8,2)", and we hav2e genegrated the current path in therhegse configurations are shown in Table 1. The four symme-
search tree(7,4)", (5,6)", (9,2)°. By rearranging the items {1y techniques are shown left to right. A “Y” indicates thiaet
In b|nls 1'3’2W9 can obtain a new set of bin assignmentsgymmetry is applied. For the new path symmetries, we also
(7,2)",(5,6)% (9,4)°. This is a symmetric rearrangement, gpecify whether the limited or full configuration (Sectiopn 4
since the optimal solution under the first sequence of bin ass sed, and also whether BT or FFD is used.
signments must be t_he same as the optimal solution the lat- The PureBC configuration does not apply any symmetry
ter se3quence of aSS|ngents. Thus, we can prune the r‘Og'étection in line 21 of Figure 2. The 2-Sym configuration ap-
(9,2)°. More generally: plies only 2-swap-symmetry. The 2-Dom configuration ap-
Definition 3 (Path-Dominance) Let B¢ be a candidate bin plies 2-swap-symmetry first; if the node is not pruned, then i
assignment. LelV? be a nogood with respect t8¢, and let  applies 2-swap-dominance (this is the configuration labele
P Dbe the current path items from depjhto d. We say that “BC+NDP” in [Fukunaga and Korf, 2007 As a final exam-
there is apath-dominance symmetwyith respect to nogood ple, PathDom-Full-BT first tests for Nogood symmetry. If the
N9 established at depthif there exists some C P suchtwo test fails, then Nogood Dominance symmetry is applied. If
conditions hold: (1)s is dominated byVY according to the that fails, then a full Path Dominance test using backtragki
MKP dominance criterion and (2) it is possible to (a) assignis applied.



Name | 2-Swap-Symmetry| 2-Swap-Dominance| Path-Symmetry| Limited/Full | BT/FFD | Path-Dominance| Limited/Full | BT/FFD

PureBC N N N n/a n/a N n/a n/a

2-Sym Y N N n/a n/a N n/a n/a

2-Dom Y Y N n/a n/a N n/a n/a
PathSym-Full-BT Y Y Y Full BT N n/a n/a
PathSym-Full-FFD Y Y Y Full FFD N n/a n/a
PathSym-Lim-BT Y Y Y Limited BT N n/a n/a
PathSym-Lim-FFD Y Y Y Limited FFD N n/a n/a
PathDom-Full-BT Y Y N n/a n/a Y Full BT
PathDom-Full-FFD Y Y N n/a n/a Y Full FFD
PathDom-Lim-BT Y Y N n/a n/a Y Limited BT
PathDom-Lim-FFD Y Y N n/a n/a Y Limited FFD

Table 1: MKP solver configurations - each row correspondsdomabination of symmetry detection mechanisms

7 Experimental Results seconds/instance). Thine and nodesshow average time

We experimentally evaluated the 11 solver configuration§PfL a1 riodes searched on the successful fune. excluding
described in the previous section, using the following four ' P

- o . timeouts, the fail column is the most significant result).
classes of problems (originally frofRisinger, 1999: . '
P (originally froffising B First, note that the PathDom-Full-BT and PathSym-full-BT

e uncorrelated instancesvhere the profitp; and weights  configurations, which implement the full versions of thetpat
w; are uniformly distributed ifimin, mazx]. dominance and path symmetry relations, respectivelyifsign
« weakly correlated instancewhere thew; are uniformly cantly reduce the size of the branch-and-bound tree cordpare
j : .
distributed in [min,max] and the, are randomly dis- 0 2-Dom, which was the previous state of the[&kunaga
tributed in fw; — (maz — min)/10,w; + (maz — and Korf, 2007. However, the runtimes are not significantly
J (e}

min)/10] such thap; > 1, better —in fact, for many instances, they run much slower tha
s ) 2-Dom due to the overhead of symmetry detection.

e strongly correlated instancesvhere thew; are uni- Fortunately, configurations that use a more limited version
formly distributed in [min,max] ang@; = w; + (maz —  of path-symmetry and path-dominance fare better: at a éost o
min)/10, and some increase in the number of nodes searched, the overhead

e multiple subset-sum instanceshere thew; are uni-  per node is drastically reduced. In particular, the PathSym
formly distributed injmin, max] andp; = w,. Limited-FFD configuration significantly outperforms thepr

. . . vious state of the art 2-Dom with respect to both runtime and

The bin capacities were set as follows: The first,qes searched. The number of nodes searched by PathSym-
m — 1 capacities ¢; were uniformly distributed in | imited-FFD is about an order of magnitude smaller than
[0.43 25 w;/m, 0.6 5, wj/m|fori=1,..,m—1.The  that of 2-Dom for uncorrelated instances, and about a fac-
last capacity:,, is chosen as,, = 0.5 Z};l w; — Z;’;l C; tor of 2 smaller for subset sum instances, (based on node
to ensure that the sum of the capacities is half of the tocounts from problems where both configurations solved all
tal weight sum. Degenerate instances were discarded as @f the instances). The runtimes for PathSym-Limited-FFD
Pisinger's experiment§1999. That is, we only used in- are a factor of 2-3 faster than 2-Dom, which shows that the
stances where: (a) each of the items fits into at least one dficreased complexity per search node is more than offset by
the containers, (b) the smallest container is large enonigh tthe search efficiency gained. Thus, bin-completion using
hold at least the smallest item, and (c) the sum of the itenPathSym-Limited-FFD is the new state of the art algorithm
weights is at least as great as the size of the largest centain for optimally solving MKP instances for the class of prob-
In our experiments, we used items with weights in the rangéems considered here.
[1,1000]. Furthermore, the number of nodes searched by PathSym-

We used instances where the ratio of items to bins is bekimited-FFD is within a factor of 2 of the number searched by
tween 2 and 3, because it has been shown that for thesgathDom-Full-BT (the most “powerful” configuration tested
instances, bin-completion is clearly the state of the art apwith respect to the number of nodes searched), despitedhe fa
proach[Fukunaga and Korf, 2097 We only report compar- that PathSym-Limited-FFD uses both a less powerful symme-
isons among bin-completion variants due to space; we alstsy relation (path-symmetry as opposed to path-dominance)
ran Pisinger’s Mulknap solvdi999 on the same instances, and uses a limited, approximate mechanism for detecting the
but Mulknap’s was not competitive with any of the bin- symmetry (Limited-FFD) as opposed to Full-BT.

completion variants shown here. Sgikunaga and Korf, While full path-dominance with backtracking (PathDom-
2007 for a full comparison of bin-completion with Mulknap Full-BT) was the most efficient configuration with respect to
and MTM, an older solver by Martello and Toth994. nodes searched, the overhead of applying full path domaanc

The results are shown in Table 2. All experiments wereat each node significantly increases runtime and does not
run on a 2.4 GHz Intel Core2 Duo. Each experiment was rurappear worthwhile. We are currently investigating methods
on 20 instances (all configurations were run on the same inahich apply path-dominance more selectively (or in combi-
stances). Théail column indicates the number of instancesnation with path symmetry), but have not yet found a combi-
(out of 20) that were not solved within the time limit (300 nation of techniques which outperformed the PathSym-Lim-



FFD configuration. we also found that these new symmetry breaking mech-
Overall, these results show that exploiting symmetry is aanisms added a significant amount of overhead per node,
very effective technique for the MKP. Even the simplest con-which resulted in slower runtimes compared to the simpler
figuration which exploits symmetry, 2-Sym, consistently-ou 2-swap dominance symmetry. We showed that approximate
performs PureBC (bin-completion without any symmetry de-(but admissible) implementations of path symmetry and path
tection), by at least a 1-2 orders of magnitude differentckén dominance combined with previous mechanisms (e.g., the
number of nodes searched, and a consistent runtime speedBpthSym-Lim-FFD configuration) are able to achieve a fa-
of 1-2 orders of magnitude. The new PathSym-Lim-FFD con-vorable tradeoff between pruning and per-node complexity,
figuration searches 1-4 orders of magnitude fewer nodes, argignificantly outperforming the previous state of the art on
also run up to 3 orders of magnitude faster than PureBC. the classes of MKP instances we considered.
There are several directions for future work. Although we
have investigated approximate symmetry detection, our fo-
8 Related Work cus so far has been on identifying powerful symmetry re-
Our MKP symmetry breaking mechanisms are domaindations such as path-symmetry and path-dominance. There
specific instances of the symmetry breaking via dominancére opportunities to develop more efficient implementation
detection (SBDD) approadirahleet al, 2001; Focacci and of path symmetry and path dominance. Although PathSym-
Milano, 2001. A significant difference is that in addition Lim-FFD searched an order of magnitude less nodes than 2-
to detecting equivalences to previously explored subtfges Dom on some instances, the runtime speedup is only a fac-
swap-symmetry and path-symmetry), our 2-swap-dominanct®r of 2-3. More efficient implementation strategies may en-
and path-dominance algorithms also detect partial saigtio able path-symmetry to achieve close to an order of magnitude
which are dominated by previously explored subtrees (acspeedup relative to the 2-Dom configuration.
cording to Proposition 1). Although path-dominance is our most powerful symmetry
Our work is also similar to the pruning technique pro- relation, the current implementation is not pompetitivehvvi
posed by Focacci and Shd@004 for constraint program- path symmetry due to the large overhead incurred to check
ming, which was applied to the TSP with time windows. Bothfor path-dominance at each node. We are currently investi-
methods attempt to prune the search by proving that the cugating improved implementations and approximate detectio
rent node at depth, which represents a partighvariable ~ strategies which make path-dominance more viable as part of
(bin°) solutionz, is dominated by some previously explored @ combined (chained) strategy.
i-variable (bin) partial solution (nogood bin assignment)
wherei < j. References
The main difference between our method and Focacci ankilon and Christofides, 1971S. Eilon and N. Christofides. The
Shaw’s method is the approach used to test for dominance. |oading problemManagement Scienc&7(5):259—268.

Focacci and Shaw's method extend® a j-variable partial [Fahleet al, 2001 T. Fahle, S. Schamberger, and M. Sellmann.

solution ¢’ which dominatese. They apply a local search Symmetry breaking. IRroc. CP-01 pages 93-107.
procedure to find the extensigh In contrast, our methods

start with a partialj-bin solutionz and try to transformit to a
partial solutionz” such thatz}, the subset of’ including the _ _ _
first i bins, is dominated by thebin partial solutiong. We  [Focacci and Shaw, 20D2F. Focacci and P. Shaw. Pruning sub-
do this by transforming (via item swaps) the contents of bins OPtimal search branch brances using local searctirde. CP-

i,i+ 1,...,7 in z to derive a feasible partial solutiari such Al-OR, pages 181-189.
thatz/ is dominated by;. [Fukunaga and Korf, 20§7A. Fukunaga and R. Korf.  Bin-
! completion algorithms for multicontainer packing, knagsand

[Focacci and Milano, 2041F. Focacci and M. Milano. Global cut
framework for removing symmetries. RProc. CP-0177-92.

. covering problems.Journal of Artificial Intelligence Research
9 Conclusions 28:393-429.

This paper investigated techniques for exploiting symme!{Kalagnananet al, 200] J.R. Kalagnanam, A.J. Davenport, and
try in a branch-and-bound algorithm for the multiple knap- ~H-S- Lee. Computational aspects of clearing continuodsioat
sack problem. Specifically, we focused on techniques for ble auctions with assignment constraints and indivisilgleand.
breaking symmetries in the search space explored by the Electronic Commerce Research221-238.
bin-completion branch-and-bound algorithm. We proposedKorf, 2003 R. Korf. Animproved algorithm for optimal bin pack-
two new, symmetry breaking mechanisms (path symmetry ing. InProceedings of IJCApages 1252-1258.
and path dominance) which are generalizations of prewousl[Labbéet al, 2003 M. Labbgé, G. Laporte, and S. Martello. Upper
studied strategies (2-swap symmetry and 2-swap dominance) bounds and algorithms for the maximum cardinality bin pagki
We showed that the new symmetries are significantly more Problem.Eur. J. of Operational Researchi49:490-498.
powerful than their predecessors, reducing the branch-an@Martello and Toth, 1990 S. Martello and P. TothKnapsack prob-
bound trees by up to an order of magnitude compared to lems: algorithms and computer implementation3d. Wiley &
the previous state of the art, 2-swap dominance. However, Sons.

[Pisinger, 199D D. Pisinger. An exact algorithm for large multiple

®0ur analogues of CP variables and values are bins and bin as- knapsack problemsEur. J. of Operational. Res114:528-541.
sighments, respectively



Uncorrelated Instances

15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes | fail time nodes | fail time nodes | fail time nodes | fail time nodes
PureBC 0 | 0.951 | 206419 7 | 49.436 | 7545714 1 90.290 8875301 0 | 9.130 | 1662504 | 12 | 123.233| 16112720
2-Sym 0 | 0.011 1324 0 0.924 84266 2 39.127 2940614 0 | 0.597 63708 | 10 56.951 3941467
2-Dom 0 0.010 1059 0 0.600 43875 1 29.319 1735503 0 0.572 47193 10 62.507 3392116
PathDom-Full-BT 0 | 0.013 188 0 1.513 1924 3 36.779 13483 0 | 0.786 5031 | 20 - -
PathDom-Full-FFD 0 0.006 199 0 0.236 2783 1 15.346 41349 0 0.975 8109 16 89.955 373482
PathDom-Lim-BT 0 0.005 199 0 0.262 2547 0 19.380 40216 0 0.778 7252 14 121.330 317797
PathDom-Lim-FFD 0 | 0.005 199 0 0.259 2547 0 19.398 40238 0 | 0.780 7258 | 14 | 121.665 318298
PathSym-Full-BT 0 0.005 236 0 0.155 2498 0 29.416 30607 0 0.431 6761 16 170.84 337027
PathSym-Full-FFD 0 | 0.003 245 0 0.108 3341 0 5.510 70684 0 | 0.322 10093 9 77.686 978742
PathSym-Lim-BT 0 | 0.003 239 0 0.099 3141 0 4.230 57896 0| 0.284 9422 8 56.068 756632
PathSym-Lim-FFD 0 0.003 239 0 0.097 3142 0 4.208 57962 0 0.284 9432 8 55.568 758425
Weakly Correlated Instances
15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes | fall time nodes | fail time nodes | fail time nodes | fall time nodes
PureBC 0 | 0.717 69033 2 | 32,962 | 2328058 | 15 | 176.854 | 12712681 0 | 4.269 413635 | 14 | 125.483| 5452363
2-Sym 0 0.026 1418 0 0.608 32680 0 14.699 551669 0 0.762 46564 10 69.61 2197822
2-Dom 0 | 0.016 787 0 0.302 12273 0 6.532 168474 0 | 0.703 36682 | 10 68.902 2024937
PathDom-Full-BT 0 0.015 214 0 0.370 881 1 39.83 4668 0 7.399 5056 18 117.355 109057
PathDom-Full-FFD 0 | 0.011 236 0 0.295 1251 0 4.969 10967 0| 2134 8894 | 14 97.217 305538
PathDom-Lim-BT 0 | 0.010 238 0 0.214 1218 0 3.014 8664 0| 1472 7609 | 14 78.441 276743
PathDom-Lim-FFD 0 0.009 238 0 0.213 1218 0 3.004 8668 0 1.454 7609 14 77.115 276776
PathSym-Full-BT 0 | 0.015 254 0 0.096 1248 0 4,904 8417 0 | 4.643 7061 | 13 116.37 321874
PathSym-Full-FFD 0 0.007 273 0 0.075 1647 0 1.117 16347 0 0.422 11730 8 94.2817 1250029
PathSym-Lim-BT 0 0.008 273 0 0.070 1623 0 0.825 13094 0 0.348 10562 7 88.891 1172600
PathSym-Lim-FFD 0 | 0.008 273 0 0.071 1623 0 0.822 13133 0 | 0.346 10564 7 89.148 1174057
Strongly Correlated Instances
15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes | fail time nodes | fail time nodes | fail time nodes | fail time nodes
PureBC 0 0.141 3197 2 28.443 209643 16 | 202.955 792114 0 0.650 13489 17 192.077 2008851
2-Sym 0 | 0.021 285 0 1.707 6179 3 39.125 79392 0 | 0.349 6623 | 13 | 145.069 1422360
2-Dom 0 0.013 175 0 1.203 3174 2 33.937 50439 0 0.339 6373 13 136.639 1311413
PathDom-Full-BT 0 0.007 70 0 1.113 653 2 65.039 6341 0 1.177 3674 20 - -
PathDom-Full-FFD 0 0.008 72 0 0.661 804 0 40.147 13374 0 0.835 4412 19 | 257.260 126024
PathDom-Lim-BT 0 0.008 72 0 0.675 833 1 24.341 11578 0 0.773 4328 19 180.463 107563
PathDom-Lim-FFD 0 | 0.008 72 0 0.673 833 1 24.309 11579 0 | 0.773 4329 | 19 | 180.150 107564
PathSym-Full-BT 0 | 0.006 74 0 0.619 781 1 40.185 8977 0 | 0.396 4108 | 20 - -
PathSym-Full-FFD 0 | 0.008 75 0 0.646 931 1 25.359 16569 0 | 0.276 4814 | 12 | 130.194 901912
PathSym-Lim-BT 0 | 0.007 76 0 0.675 979 1 25.779 16267 0 | 0.273 4810 | 12 | 103.099 743737
PathSym-Lim-FFD 0 0.009 76 0 0.670 979 1 26.271 16275 0 0.271 4811 12 103.094 745103
Subset-Sum Instances
15 bins, 30 items 20 bins, 40 items 25 bins, 50 items 10 bins, 30 items 15 bins, 45 items
fail time nodes | fall time nodes | fail time nodes | fall time nodes | fall time nodes
PureBC 0 | 0.049 1488 0 4964 | 1246450 6 46.046 1386179 0 | 0.121 3630 4 49.785 1282436
2-Sym 0 0.005 132 0 0.073 1893 0 1.1612 23909 0 0.080 2137 2 30.118 722638
2-Dom 0 | 0.001 88 0 0.037 941 0 0.545 11534 0 | 0.078 2096 2 30.067 690547
PathDom-Full-BT 0 | 0.004 50 0 0.209 325 1 55.56 2178 0 | 0.709 1456 | 20 - -
PathDom-Full-FFD 0 | 0.002 51 0 0.048 382 0 1.937 3721 0 | 0.239 1677 | 10 | 100.001 99212
PathDom-Lim-BT 0 | 0.002 51 0 0.042 393 0 1.176 3475 0 | 0.202 1629 | 10 73.015 86786
PathDom-Lim-FFD 0 0.003 51 0 0.043 393 0 1.167 3475 0 0.202 1629 10 73.240 86789
PathSym-Full-BT 0 0.002 51 0 0.047 371 0 9.975 3177 0 0.153 1637 18 | 200.315 45671
PathSym-Full-FFD 0 0.001 52 0 0.023 425 0 0.251 4679 0 0.078 1836 2 38.967 522329
PathSym-Lim-BT 0 0.003 53 0 0.019 451 0 0.254 4903 0 0.077 1838 2 29.725 450926
PathSym-Lim-FFD 0 | 0.001 53 0 0.020 451 0 0.250 4907 0 | 0.080 1839 2 29.632 452028

Table 2: Multiple knapsack problem results: Comparisoniofompletion with various combinations of 2-Swap-Symimpet
2-Swap-Dominance Symmetry, Path-Symmetry, and Path-Bamae on random MKP instances. Thad column indicates
the number of instances (out of 20) that were not solved withé time limit (300 seconds/instance). Timae (seconds on
2.4GHz Intel Core2 Duo) andodesshow average time spent and nodes searched on the succassfutxcluding the failed
runs.



